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HYPER-PARAHERMITIAN MANIFOLDS WITH TORSION
STEFAN IVANOV, VASIL TSANOV, AND SIMEON ZAMKOVOY
Abstrat. Neessary and suient onditions for the existene of a hyper-
parahermitian onnetion with totally skew-symmetri torsion (HPKT-struture)
are presented. It is shown that any HPKT-struture is loally generated by a real
(potential) funtion. An invariant rst order dierential operator is dened on
any almost hyper-paraomplex manifold showing that it is two-step nilpotent ex-
atly when the almost hyper-paraomplex struture is integrable. A loal HPKT-
potential is expressed in terms of this operator. Examples of (loally) invariant
HPKT-strutures with losed as well as non-losed torsion 3-form on a lass of
(loally) homogeneous hyperparaomplex manifolds (some of them ompat) are
onstruted.
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2 STEFAN IVANOV, VASIL TSANOV, AND SIMEON ZAMKOVOY
1. Introdution
We study the geometry of strutures on a dierentiable manifold related to the
algebra of paraquaternions together with a naturally assoiated metri whih is ne-
essarily of neutral signature. This struture leads to the notion of (almost) hyper-
paraomplex and hyper-parahermitian manifolds in dimensions divisible by four.
These strutures are also attrative in theoretial physi sine some of them play a
role in string theory [27, 18, 6, 19℄ and integrable systems [9℄.
Hyper-parahermitian geometry may be interpreted as the indenite analog of
hyper-hermitian geometry, but there are important dierenes. We provide hyper-
parahermitian versions of many loal and some global results for hyper-hermitian
manifolds, speially we adopt the hyperomplex onstrutions of [16, 14, 4℄ (but see
also [30, 24, 25, 33℄).
We treat integrable almost hyper-parahermitian strutures, whih admit ompati-
ble linear onnetions with totally-skew symmetri torsion, briey HPKT-struture.
It is known that in dimension 4, the onformal struture of neutral signature deter-
mined by a hyper-paraomplex struture is neessarily anti-self-dual [1, 18, 21℄. We
show that the orresponding onformal hyper-parahermitian struture is an HPKT-
struture. In higher dimensions, we nd neessary and suient onditions for the
existene of a HPKT-struture in terms of the exterior derivative of the three Kähler
forms. We give a holomorphi haraterization and show uniqueness of the HPKT
onnetion.
To illustrate the subtleties of HPKT we use some homogeneous examples and their
ompat fators found in [20℄. In partiular, we show the existene of an invariant
HPKT-struture with losed torsion 3-form on the simple Lie groups SU(m,m −
1),m > 1, assoiated to the biinvariant Killing-Cartan form of neutral signature
on SU(m,m − 1). In ontrast, the HPKT-strutures for the hyper-paraomplex
strutures on the simple Lie groups SL(2m − 1,R),m > 1 obtained in [20℄ have
no ompatible biinvariant metri. They may be assoiated to (a lass of) invariant
metris of neutral signature, whih however have non-losed torsion forms.
We show that any HPKT-struture is loally generated by a real (potential) fun-
tion following the ideas developed in [4℄. To this end, using Salamon's idea from the
quaternioni ase (see [30℄), we dene an invariant rst order dierential operator D,
the hyper-paraomplex operator, on an almost hyper-paraomplex manifold and we
show that it is 2-step nilpotent exatly when the almost hyper-paraomplex struture
is integrable. Then we obtain the loal existene of HPKT-potential by proving the
loal D-exatness of ertain D-losed 2-forms.
Aknowledgements. The researh is partially supported by Contrat MM 809/1998
with the Ministry of Siene and Eduation of Bulgaria, Contrats 586/2002 and
35/2003 with the University of Soa "St. Kl. Ohridski". S.I. is a member of
the EDGE, Researh Training Network HPRN-CT-2000-00101, supported by the
European Human Potential Programme. We would like to thank to T. Gramthev
for his valuable omments.
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2. HyperparaKähler onnetion with torsion
Both quaternions H and paraquaternions H˜ are real Cliord algebras, H =
C(2, 0), H˜ = C(1, 1) ∼= C(0, 2). In other words, the algebra H˜ of paraquaternions
is generated by the unity 1 and the generators J1, J2, J3 satisfying the paraquater-
nioni identities,
(2.1) J21 = J
2
2 = −J
2
3 = 1, J1J2 = −J2J1 = J3.
We reall the notion of almost hyper-paraomplex manifold introdued by Liber-
mann [23℄. An almost quaternioni struture of the seond kind on a smooth mani-
fold onsists of two almost produt strutures J1, J2 and an almost omplex struture
J3 whih mutually anti-ommute, i.e. these strutures satisfy the paraquaternioni
identities (2.1). Suh a struture is also alled omplex produt struture [3, 2℄.
An almost hyper-paraomplex struture on a 4n-dimensional manifold M is a
triple H˜ = (Ja), a = 1, 2, 3, where Jα,α = 1, 2 are almost paraomplex strutures
Jα : TM → TM , and J3 : TM → TM is an almost omplex struture, satisfying
the paraquaternioni identities (2.1). We note that on an almost hyper-paraomplex
manifold there is atually a 2-sheeted hyperboloid worth of almost omplex stru-
tures: S21(−1) = {c1J1+c2J2+c3J3 : c
2
1+c
2
2−c
2
3 = −1} and a 1-sheeted hyperboloid
worth of almost paraomplex strutures: S21(1) = {b1J1+ b2J2+ b3J3 : b
2
1+ b
2
2− b
2
3 =
1}.
When eah Ja, a = 1, 2, 3 is an integrable struture, H˜ is said to be a hyper-
paraomplex struture on M . Suh a struture is also alled sometimes pseudo-
hyper-omplex [9℄. Any hyper-paraomplex struture admits a unique torsion-free
onnetion ∇CP preserving J1, J2, J3 [3, 2℄ alled the omplex produt onnetion.
The Nijenhuis tensor Na of Ja is dened by
(2.2) Nα(X,Y ) = [JαX,JαY ] + J
2
α[X,Y ]− Jα[JαX,Y ]− Jα[X,JαY ].
It is well known that the struture Ja is integrable if and only if the orresponding
Nijenhuis tensor Na vanishes, Na = 0.
In fat an almost hyper-paraomplex struture is hyper-paraomplex if and only
if any two of the three strutures Ja, a = 1, 2, 3 are integrable due to the existene of
a linear identity between the three Nijenhuis tensors [21, 7℄. In this ase all almost
omplex strutures of the two-sheeted hyperboloid S21(−1) as well as all paraomplex
strutures of the one-sheeted hyperboloid S21(1) are integrable.
A hyperparahermitian metri is a pseudo Riemannian metri whih is ompatible
with the (almost) hyperparaomplex struture H˜ = (Ja), a = 1, 2, 3 in the sense that
the metri g is skew-symmetri with respet to eah Ja, a = 1, 2, 3, i.e.
(2.3) g(J1., J1.) = g(J2., J2.) = −g(J3., J3.) = −g(., .).
The metri g is neessarily of neutral signature (2n,2n). Suh a struture is alled
(almost) hyper-paraHermitian struture.
Let Fa be the Kähler form assoiated with the struture (g, Ja), a = 1, 2, 3:
Fa = g(., Ja.).
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The orresponding Lee form is dened by θa = −δFa ◦ J
3
a . In partiular,
θa(X) =
2n∑
i=1
dFa(ei, Jaei, J
2
aX),
for an orthonormal Ja-adapted basis {e1, . . . , e2n, Jae1, . . . , Jae2n}.
If on a hyper-paraHermitian manifold there exists an admissible basis (H˜) suh
that eah Ja, a = 1, 2, 3 is parallel with respet to the Levi-Civita onnetion or
equivalently the three Kähler forms are osed, dFa = 0 then the manifold is alled
hyper-paraKähler. Suh manifolds are also alled hypersympleti [15℄, neutral hyper-
Kähler [22, 10℄. The equivalent haraterization is that the holonomy group of g is
ontained in Sp(n,R) if n ≥ 2 [34℄.
For n = 1 an (loal) almost hyper-paraomplex struture is the same as ori-
ented neutral onformal struture [9, 12, 34, 7℄. The existene of a (loal) hyper-
paraomplex struture is a strong ondition sine the integrability of the (loal)
almost hyper-paraomplex struture implies that the orresponding neutral onfor-
mal struture is anti-self-dual [1, 18, 21℄. The neessary and suient ondition for
the integrability of an (loal) almost hyper-paraomplex struture in dimension four
is the oinidene of the three Lee forms, θ1 = θ2 = θ3 [21℄.
We use the following notations: For any r-form ω we dene Jaω(X1, . . . ,Xr) :=
(−1)rω(JaX1, . . . , JaXr), a = 1, 2, 3 and the operators dαω := −JαdJαω,α = 1, 2,
d3ω := (−1)
rJ3dJ3ω. In partiular daFa = −dFa(Ja., Ja., Ja), a = 1, 2, 3.
We onsider the (para) omplex operators
∂α =
1
2
(d+ ǫdα) , ∂¯α =
1
2
(d− ǫdα) , ǫ
2 = 1, α = 1, 2
∂3 =
1
2
(d+ id3) , ∂¯3 =
1
2
(d− id3) , i
2 = −1.
In partiular, a omplex funtion f = u + iv is holomorphi with respet to the
omplex struture J3 i ∂¯3f = 0 while a paraomplex funtion h = u + ǫv is para-
holomorphi with respet to the paraomplex struture Jα, α = 1, 2 i ∂¯αh = 0.
Denition 2.1. A hyperparahermitian metri g is hyperparaKähler with torsion
(briey HPKT) if there exists a linear onnetion ∇ preserving the hyperparaomplex
struture whose torsion tensor T∇ is totally skew-symmetri i.e.
(2.4)
∇g = ∇J1 = ∇J2 = ∇J3 = 0, T
∇(X,Y,Z) := g(T∇(X,Y ), Z) = −T∇(X,Z, Y ).
If the torsion 3-form T∇ is losed, dT∇ = 0, then the HPKT-metri is alled strong
HPKT metri.
A onnetion satisfying ondition (2.4) will be alled briey HPKT-onnetion.
Theorem 2.2. Let (M,g, J1, J2, J3) be a hyperparahermitian manifold. The follow-
ing onditions are equivalent:
(1) (M,g, J1, J2, J3) admits a HPKT-onnetion;
(2) The following equalities hold
(2.5) d1F1 = d2F2 = d3F3.
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In this ase the HPKT onnetion is uniquely determined by the torsion
(2.6) T∇ = d1F1 = d2F2 = d3F3.
In partiular, the three Lee forms oinide, θ1 = θ2 = θ3 = trgT
∇
.
Proof. The required onnetion is the unique Bismut onnetion determined by
Gauduhon [13℄ (see also [11℄) in the hermitian ase and by Ivanov-Zamkovoy [21℄ in
the parahermitian ase due to the ompatibility ondition (2.5). Take the trae in
(2.6) to get the last identity. 
It is known that in dimension four any hyperparahermitian metri is anti-self-dual
[1, 18, 21℄. The proof of Theorem 6.2 in [21℄ leads to
Proposition 2.3. Any hyperparahermitian metri on a hyperparaomplex 4-manifold
is HPKT. In partiular, the Rii two-forms of the HPKT-onnetion all vanish.
3. Homogeneous examples
A non-trivial lass of examples for the dierential geometri entities dened in
the previous setion is provided by ertain left-invariant HPKT-strutures on (semi)
simple Lie groups whih were found in [20℄. For onveniene we reprodue here the
expliit desription of J2 and J3. We dene the (para-) omplex strutures on Lie
algebras and then interpret them as homogeneous almost (para-) omplex strutures
on the orresponding simply onneted Lie groups. For brevity we shall sometimes
abuse notation and proper denitions, by indiating only the Lie algebras.
3.1. HPKT-struture on SU(m,m−1). The most important example from [20℄is
the group SU(m,m − 1), where the biinvariant Killing form is the neutral HPKT
metri.
On the simple Lie algebra su(m,m − 1) (of dimension 4m(m − 1)) we dene a
salar produt
B(X,Y )
.
=
1
2
tr(XY ), X, Y ∈ su(m,m− 1)(3.7)
Obviously B is proportional to the Killing form and denes a biinvariant, neutral
pseudoriemannian metri on SU(m,m − 1). Next we produe a onvenient B -
orthonormal base of the Lie algebra su(m,m−1). As usual, we denote by Ekj ∈ gl(n)
the matrix with entry 1 at the intersetion of the j-th row and the k-th olumn and
0 elsewhere. We x the range of indies
j = 1, . . . ,m− 1, j < k < 2m− j.(3.8)
Let z be the subspae (abelian subalgebra) of su(m,m − 1) generated by the
elements
i(Ejj +E
2m−j
2m−j − 2E
m
m), j = 1, . . . ,m− 1.
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Let Z1, . . . .Zm−1 be any orthonormal base of z, with respet to the salar produt1
B. We dene
Xj
.
= i(Ejj − E
2m−j
2m−j ); Y
j .= E2m−jj + E
j
2m−j : W
j .= i(E2m−jj −E
j
2m−j).(3.9)
U = Ukj
.
=
{
Ekj −E
j
k if j < k ≤ m;
E2m−jk − E
k
2m−j if m < k < 2m− j.
V = V kj
.
=
{
i(Ekj + E
j
k) if j < k ≤ m;
i(E2m−jk + E
k
2m−j) if m < k < 2m− j.
S = Skj
.
=
{
E2m−jk + E
k
2m−j if j < k ≤ m;
= Ekj −E
j
k if m < k < 2m− j.
T = T kj
.
=
{
i(E2m−jk − E
k
2m−j) if j < k ≤ m;
i(Ejk − E
k
j ) if m < k < 2m− j.
(3.10)
The invariant vetor elds (generated by) Xj , Y j,W j , Zj, Ukj , V
k
j , S
k
j , T
k
j give a base
of the tangent bundle of SU(m,m − 1). We dene an almost hyperparaomplex
struture by
J3(Z
j)
.
= Xj ; J3(Y
j)
.
= W j; J2(Z
j)
.
= W j, J2(X
j)
.
= Y j;(3.11)
J3(U
k
j )
.
= V kj ; J3(S
k
j )
.
= T kj ; J2(U
k
j )
.
= T kj ; J2(V
k
j )
.
= Skj
It is shown in [20℄ that the struture (3.11) is an integrable hyper-paraomplex
struture on SU(m,m− 1),m > 1 whih is ompatible with the biinvariant (Killing-
Cartan) form of neutral signature B.
Now we observe, that the above onstrution gives also a strong HPKT-struture
on SU(m,m− 1). The HPKT-onnetion is the left-invariant onnetion ∇, dened
by postulating all left-invariant vetor elds to be parallel.
The torsion of the above onnetion is the Lie braket and the torsion tensor
T∇(X,Y,Z) = −B([X,Y ], Z) is a losed 3-form (due to the Jaobi identity). So,
we have a strong HPKT-struture on SU(m,m − 1) whih is at. The ompatible
neutral Killing-Cartan metri is Einstein.
Simple Lie groups admit oompat latties [8℄, say Γ. Hene, we obtain a HPKT
interpretation of the result proved in [20℄.
Theorem 3.1. [20℄ The ompat manifolds SU(m,m − 1)/Γ admit invariant, at,
strong HPKT-strutures. The neutral HPKT-metri is a non-at Einstein metri
indued by the Killing-Cartan form.
Remark 3.2. The above proedure an be applied to the group (SL(2m − 1,C))R
(see [20℄). Thus we obtain invariant strong and at HPKT-strutures on the ompat
manifolds (SL(2m− 1,C))R/Γ.
1
B is obviously negative denite on z.
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3.1.1. A non-strong HPKT-struture on SU(2, 1). We equipped the 8-dimensional
simple Lie group SU(2, 1) with a strong and at left-invariant HPKT-struture
indued by the left-invariant hyper-paraomplex struture (3.11) and the Killing-
Cartan form. We show below that a similar
2
hyper-paraomplex struture supports
left-invariant HPKT-struture whih is not strong and not at . To be preise, we
onsider the following base on su(2, 1)
Z
.
=i(E11 + E
3
3 − 2E
2
2); X
.
= i(E11 − E
3
3);(3.12)
W
.
=i(E31 − E
1
3); Y
.
= E31 + E
1
3 ;
U
.
=E21 − E
1
2 ; V
.
= i(E21 + E
1
2);
S
.
=E32 + E
2
3 ; T
.
= i(E32 − E
2
3).
A hyper-paraomplex struture on SU(2, 1) is given by
J3(Z)
.
= X; J3(Y )
.
=W ; J2(Z)
.
= W, J2(X)
.
= Y ;(3.13)
J3(U)
.
= V ; J3(S)
.
= T ; J2(U)
.
= T ; J2(V )
.
= S,
We laim that the neutral metri g determined by the following orthonormal basis
g(Z,Z) = g(X,X) = g(U,U) = g(V, V ) = 1,(3.14)
g(Y, Y ) = g(W,W ) = g(S, S) = g(T, T ) = −1
is a non strong left-invariant HPKT-metri on SU(2, 1) with respet to the left-
invariant hyper-paraomplex struture (3.13). We denote the 1-form dual to a vetor
eld via the neutral metri (3.14) by the same letter. We alulate
T∇ = d1F1 = d2F2 = d3F3
= 2X ∧ Y ∧W −X ∧ U ∧ V +X ∧ S ∧ T + Y ∧ U ∧ S
−Y ∧ V ∧ T +W ∧ U ∧ T +W ∧ V ∧ S − Z ∧ U ∧ V − Z ∧ S ∧ T ;
dT∇ = −4U ∧ V ∧ S ∧ T 6= 0.
Our laim is proved.
3.2. HPKT-struture on SL(2m−1,R). Consider the simple Lie group SL(2m−
1,R) with the almost hyper-paraomplex struture (3.11) applied to the following
base
3
of sl(2m− 1,R):
Zj
.
=Ejj +E
2m−j
2m−j − 2E
m
m ; W
j .= Ejj − E
2m−j
2m−j ;(3.15)
Xj
.
=E2m−jj − E
j
2m−j ; Y
j .= E2m−jj +E
j
2m−j ;
Ukj
.
=Ekj − E
j
k; V
k
j
.
= E2m−jk −E
k
2m−j ;
Skj
.
=E2m−jk + E
k
2m−j ; , T
k
j
.
= Ekj + E
j
k.
2
We hoose the simplest one in a notational sense. Obviously, any neutral metri on the Lie
algebra g, whih is ompatible with a paraquaternioni struture, gives a left invariant metri on
the orresponding Lie group G. However there is only one biinvariant metri on a simple group.
3
The range of indies is as in formula (3.8).
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The struture (3.11) is an integrable left-invariant hyper-paraomplex struture on
SL(2m− 1,R),m > 1 [20℄.
A left-invariant neutral metri g, determined by the following orthonormal basis
of sl(2m− 1,R)
g(Zj , Zj) = g(Xj ,Xj) = g(Ukj , U
k
j ) = g(V
k
j , V
k
j ) = 1,(3.16)
g(Y j, Y j) = g(W j ,W j) = g(Skj , S
k
j ) = g(T
k
j , T
k
j ) = −1
is an HPKT-metri on sl(2m− 1,R),m > 1 with respet to the hyper-paraomplex
struture (3.11), whih has not losed torsion 3-form. Indeed, denoting the 1-form
dual to a vetor eld via the neutral metri (3.16) by the same letter, we alulate
T∇ = d1F1 = d2F2 = d3F3
= 2Xj ∧ Y j ∧W j −Xj ∧ Ukj ∧ V
k
j +X
j ∧ Skj ∧ T
k
j + Y
j ∧ Ukj ∧ S
k
j
−Y j ∧ V kj ∧ T
k
j +W
j ∧ Ukj ∧ T
k
j +W
j ∧ V kj ∧ S
k
j + Z
j ∧ Ukj ∧ T
k
j − Z
j ∧ V kj ∧ S
k
j ;
dT∇ = −8Ukj ∧ V
k
j ∧ S
k
j ∧ T
k
j 6= 0.
The groups SL(2m − 1,R) admit oompat latties [8℄, say Γ. Thus, we arrive
at a HPKT-extension of the results in [20℄.
Theorem 3.3. The ompat manifolds SL(2m − 1,R)/Γ admit invariant HPKT-
struture whih are not strong.
3.3. HPKT-struture on 2R ⊕ sl(2,C). We onsider the following base on 2R ⊕
sl(2,C):
Z
.
=
[
1 0
0 1
]
X
.
=
[
0 1
−1 0
]
;Y
.
=
[
0 1
1 0
]
;W
.
=
[
1 0
0 −1
]
(3.17)
U
.
= iZ; V
.
= iX; S
.
= iY ; T
.
= iW.
We dene an almost hyper-paraomplex struture on the Lie algebra 2R⊕sl(2,C) ∼=
2R⊕ so(3, 1) by (3.13) using the base (3.17) . It is easy to hek that this struture
is integrable.
We laim that the neutral metri g determined by the orthonormal basis (3.14) is
a strong left-invariant HPKT-metri on the simply onneted Lie group G assoiated
to the Lie algebras 2R ⊕ sl(2,C) ∼= 2R ⊕ so(3, 1) with respet to the left-invariant
hyper-paraomplex struture (3.13). To prove the laim, we denote the 1-form dual
to a vetor eld via the neutral metri (3.14) by the same letter. We obtain
T∇ = d1F1 = d2F2 = d3F3 = S ∧ dS − Y ∧ dY ; dT
∇ = 0
whih proves our laim.
Let ∆ ⊂ SL(2,C) be a oompat disrete subgroup and let Γ = Z×Z×∆ ⊂ G.
We obtain
Theorem 3.4. The ompat manifold G/Γ admits an invariant strong HPKT-struture.
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4. Charaterization of HPKT-strutures
In this setion, we haraterize HPKT-strutures in terms of the existene of
holomorphi objets. We use ideas from the denite (HKT) ase desribed in [16, 14℄
and nd other ompat examples.
4.1. Holomorphi haraterization. We reall that the spae of paraomplex
(1,0)-vetors (resp. (0,1)-vetors) with respet to the paraomplex struture Jα, α =
1, 2 is spanned by paraomplex vetors of type X + ǫJαX (resp. X − ǫJαX) and
the spae of omplex (1,0)-vetors (resp. (0,1)-vetors) of the omplex struture J3
is spanned as usual by omplex vetors of type X − iJ3X (resp. X + iJ3X).
It is easy to hek that
: the 2-form F2− ǫF3 is of type (2,0) while the 2-form F2 + ǫF3 is of type (0,2)
with respet to the paraomplex struture J1;
: the 2-form F3+ ǫF1 is of type (2,0) while the 2-form F3 − ǫF1 is of type (0,2)
with respet to the paraomplex struture J2;
: the 2-form F1 − iF2 is of type (2,0) while the 2-form F1 + iF2 is of type (0,2)
with respet to the omplex struture J3;
Proposition 4.1. Let (M,g, Ja, a = 1, 2, 3) be a hyperparahermitian manifold. The
following onditions are equivalent:
a: (M,g, Ja, a = 1, 2, 3) is a PHKT manifolld;
b: ∂1(F2 − ǫF3) = 0 or equivalently ∂¯1(F2 + ǫF3) = 0;
: ∂2(F3 + ǫF1) = 0 or equivalently ∂¯2(F3 − ǫF1) = 0;
d: ∂3(F1 − iF2) = 0 or equivalently ∂¯3(F1 + iF2) = 0;
Proof. We have
∂1(F2 − ǫF3) = ∂¯1(F2 + ǫF3) =
1
2
(dF2 − d1F3)−
ǫ
2
(dF3 − d1F2).
Therefore ∂1(F2 − ǫF3) = 0, when the real and imaginary parts both vanishes. We
alulate
d1F3 = −J1dJ1F3 = −J1d(F3 ◦ J1) = −J1dF3 = (dF3 ◦ J1) = (dF3 ◦ J3J2)
= −J3(dF3 ◦ J2) = J2J3dF3 = J2J3dJ3F3 = J2d3F3.
On the other hand
dF2 = −d(F2 ◦ J2) = −J
2
2dJ2F2 = J2d2F2.
Consequently, the ondition d1F3 = dF2 is equivalent to the ondition d2F2 = d3F3.
Therefore the Bismut onnetion of the parahermitian struture (g, J2) oinides
with Bismut onnetion of the hermitian struture (g, J3). Sine J1 = J3J2 then J1
is parallel with respet to the ommon onnetion ∇. Therefore ∇ is the Bismut
onnetion for (g, J1) whih proves the equivalene of a) and b). In a similar way
one ompletes the proof. 
Proposition 4.1 implies that the HPKT ondition is not preserved by a generi on-
formal transformation of the metri provided the dimension is at least eight.
In the proof of Proposition 4.1, we also derive
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Corollary 4.2. Suppose F1, F2 and F3 are the Kähler forms of a hyperparahermitian
struture. Then the hyperparahermitian struture is HPKT-struture if and only if
daFb = δabT
∇ − ǫabcFc,
where δab is the Kroneker symbol and ǫabc is the totally skew-symmetri Levi-Civita
symbol.
Theorem 4.3. Let (M,Ja, a = 1, 2, 3) be a hyperparaomplex manifold. Then any
one of the following three onditions implies the forth:
(1) F2 + ǫF3 is a (0, 2)-form with respet to J1 suh that ∂¯1(F2 + ǫF3) = 0 and
F2(X,J2Y ) = g(X,Y ) is a symmetri non-degenerate bilinear form of neutral
signature;
(2) F3 − ǫF1 is a (0, 2)-form with respet to J2 suh that ∂¯2(F3 − ǫF1) = 0 and
F1(X,J1Y ) = g(X,Y ) is a symmetri non-degenerate bilinear form of neutral
signature;
(3) F1 + iF2 is a (0, 2)-form with respet to J3 suh that ∂¯3(F1 + iF2) = 0 and
F3(X,J3Y ) = g(X,Y ) is a symmetri non-degenerate bilinear form of neutral
signature;
(4) The struture (g, Ja, a = 1, 2, 3) is a PHKT struture.
Proof. In view of the Proposition 4.1, it sues to prove that the metri g is hyper-
parahermitian.
Using the fat that F2 + ǫF3 is of type (0, 2) with respet to J1. Sine X + ǫJ1X
is of type (1, 0) with respet to J1, (F2 + ǫF3)(X + ǫJ1X,Y ) = 0, for any vetors
X,Y . It is equivalent to the identity F3(X,Y ) = −F2(J1X,Y ). Then
F (X,J3Y ) = −F2(J1X,J3Y ) = −F2(J1X,J1J2Y ) = −F2(X,J2Y ) = −g(X,Y ).
So F3(J3X,J3Y ) = F3(X,Y ) and g is hermitian with respet to J3. Sine the metri
is parahermitian with respet to J2 and J1 = J3J2, g is parahermitian with respet
to J1.
Similarly, one get the other assertions. 
4.2. HPKT strutures on ompat Nilmanifolds. In this setion we onstrut
further examples of homogeneous HPKT-strutures, now on some (ompat) nilman-
ifolds.
Let {X1, . . . ,X2n, Y1, . . . , Y2n, Z} be a basis for R
4n+1
. Dene ommutators by:
[Xj , Yj] = Z, all others being zero. These ommutators give R
4n+1
the struture of
the Heisenberg Lie agebra h2n. Let R
3
be the three dimensional abelian algebra. The
diret sum n = h2n⊕R
3
is a 2-step nilpotent algebra whose enter is four-dimensional.
Fix a basis {E1, E2, E3} for R
3
and onsider the following endomorphisms of n:
J2 : X2j−1 → Y2j ,X2j → Y2j−1 Z → E2, E1 → −E3;
J3 : X2j−1 → X2j , Y2j−1 → Y2j Z → E1, E2 → E3;(4.18)
J22 = −J
2
3 = identity, J1 = J3J2.
Clearly J2J3 = −J3J2. The almost omplex struture J3 satises the identity
[J3., J3.] = [., .] whih implies that it is an Abelian almost omplex struture on
n in the sense of [5℄ and in partiular integrable. The next notion seems to be useful
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Denition 4.4. The almost paraomplex struture J2 is said to be Abelian if the
following identity [J2., J2.] = −[., .] holds.
Applying (2.2) it is easy to hek that any Abelian almost paraomplex struture
has vanishing Nijenuis tensor and therefore is integrable. It is easy to verify that the
almost paraomplex struture J2 is Abelian on n. Consequently, the almost paraom-
plex struture J1 is also Abelian. Hene, the struture Ja, a = 1, 2, 3 is a left invariant
hyperparaomplex struture on the simply onneted Lie group N whose Lie algebra
is n. Consider the invariant metri g on N for whih the basis {Xj , Yj, Z,Ea} is
orthonormal and g(Xj ,Xj) = g(Z,Z) = g(E1, E1) = 1, g(Yj , Yj) = g(E2, E2) =
g(E3, E3) = −1. Clearly, the struture (g, Ja, a = 1, 2, 3) is a left invariant hyper-
parahermitian struture on N whih turns out to be a HPKT sine any left invariant
(2,0)-form with respet to the omplex struture J3 is ∂3-losed due to a result of
Salamon [31℄ and Proposition 4.1. Beause N is isomorphi to the produt H2n×R
3
of the Heisenbrg group H2n and the Abelian group R
3
we have:
Corollary 4.5. Let Γ be a oompat lattie in the Heisenberg group H2n and Z
3
a lattie in R3. The ompat Nilmanifold N/(Γ × Z3) admits an invariant HPKT-
struture.
4.3. HPKT-struture on (H2n× ˜SL(2,R))/Γ. Based on the above omputations,
we an also see that there is a left-invariant HPKT-struture on the produt of 4n+1-
dimensional Heisenberg group H2n and the universal over ˜SL(2,R) of the simple
Lie group SL(2,R). The Lie algebra sl(2,R) has a basis {E1, E2, E3} with non-zero
brakets given by
[E1, E2] = E3, [E2, E3] = −E1, [E3, E1] = E2.
The onstrution of the HPKT-struture on the produt H2n× ˜SL(2,R) is the same
as those in Setion 4.2 taking E1, E2, E3 to be the generators of sl(2,R). The inte-
grability of the (non-abelian) almost hyper-paraomplex struture dened by (4.2)
as well as the HPKT-ompatibility onditions (2.5) an be heked diretly using
the ommutators of the left-invariant vetor elds. Denote the left-invariant 1-forms
dual to the left invariant vetor elds via the metri by the same letters to get
T∇ = d1F1 = d2F2 = d3F3 = dZ ∧ Z; dT
∇ = dZ ∧ dZ 6= 0.
The last equalities imply that the HPKT-struture is not strong.
Let Γ1 be a oompat lattie in the Heisenberg group H2n. The universal over
˜SL(2,R) of the Lie group SL(2,R) admits a disrete subgroup Γ2 suh that the
quotient spae
˜(SL(2,R)/Γ2) is a ompat 3-manifold [26, 29, 32℄. Suh a spae has
to be Seifert bre spae [32℄ and all the quotients are lassied in [29℄. We obtain
Corollary 4.6. The ompat manifold (H2n × ˜SL(2,R))/(Γ1 × Γ2) admits an in-
variant non-strong HPKT-struture.
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5. Potential theory
It is well known that a Kähler metri is loally generated by a potential ie a real
funtion µ satisfying F3 = −dd3µ. Similarly a paraKäler metri is loally generated
by a potential, ie a real funtion ν satisfying F1 = dd1ν [28℄.
A funtion µ is a potential funtion for a hyperparaKähler manifold (M,g, Ja) if
the Kähler forms are equal to
(5.19) Fa = J
2
addaµ, daµ = −J
3
adµ.
In this setion, we seek a funtion that generates all Kähler forms of a HPKT-
manifold.
The denition of the operators da, paraquaternioni identities (2.1), the ompati-
bility onditions (2.3) and (5.19) imply
d1d2µ = −d1J2dµ = J1dJ1J2dµ = J1dd3µ = −J1F3 = −d2d1µ = dd3µ;(5.20)
d2d3µ = d2J3dµ = J2dJ1dµ = −J2dd1µ = −J2F1 = −d3d2µ = −dd1µ;
d3d1µ = −d3J1dµ = J3dJ3J1dµ = J3dd2µ = J3F2 = −d1d3µ = −dd2µ;
We generalize this onept to HPKT-manifold.
Denition 5.1. Let (M,g, Ja) be a HPKT-struture with Kähler forms F1, F2 and
F3. A possibly loally dened funtion µ is a potential funtion for the HPKT
struture if
F1 =
1
2
(dd1 − d2d3)µ, F2 =
1
2
(dd2 − d3d1)µ, F3 = −
1
2
(dd3 + d1d2)µ.(5.21)
In fat any one of the above identities implies the others due to the next
Theorem 5.2. Let (M,g, Ja) be a HPKT-struture with Kähler forms F1, F2 and
F3. Let ∇
CP
be the omplex produt onnetion. A possibly loally dened funtion
µ is a potential funtion for the HPKT struture if any one of the following identities
hold
F1 =
1
2
(dd1 − d2d3)µ,(5.22)
F2 =
1
2
(dd2 − d3d1)µ,(5.23)
F3 = −
1
2
(dd3 + d1d2)µ,(5.24)
g =
1
2
(1− J1 − J2 + J3) (∇
CP )2µ.(5.25)
The torsion 3-form T∇ is given by T∇ = −12d1d2d3µ.
Proof. We alulate, using the fat that the omplex produt onnetion is a torsion-
free and preserves the hyper-paraomplex struture, that
dd3µ(X,Y ) = −(∇
CP
X dµ)J3Y + (∇
CP
Y dµ)J3X;
d1d2µ(X,Y ) = J1dd3µ(X,Y ) = (∇
CP
J1X
dµ)J2Y − (∇
CP
J1Y
dµ)J2X;
g(X,Y ) = −F3(X,J3Y ) =
1
2
(dd3 + d1d2)µ =
1
2
(1− J1 − J2 + J3) (∇
CP )2µ
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Thus, the equivalene of (5.24) and (5.25) is proved.
Similarly one an get the equivalene of (5.22) and (5.25) as well as the equivalene
between (5.23) and (5.25).
The formula for the torsion is a onsequene of (5.21) and (2.6). 
Remark 5.3. In the ontext of a potential, an HPKT struture is hyper-paraKähler
if and only if the potential funtion µ satises any of the following four identities
dd1µ = −d2d3µ,
dd2µ = −d3d1µ,
dd3µ = d1d2µ,
(1 + J1 + J2 + J3)(∇
CP )2µ = 0.
Corollary 5.4. Let (M,g, Ja) be a HPKT-struture with Kähler forms F1, F2 and F3.
A possibly loally dened funtion µ is a potential funtion for the HPKT struture
if any one of the following identities hold
F2 − ǫF3 = −2∂1J2∂¯1µ;(5.26)
F3 + ǫF1 = −2∂2J3∂¯2µ;(5.27)
F1 − iF2 = −2∂3J1∂¯3µ.(5.28)
Proof. Due to (5.20) and the denition of the operators ∂a, ∂¯a, we have
F1 − iF2 =
1
2
(dd1 − d2d3 − idd2 + id3d1) = −2∂3J1∂¯3µ
The other assertions follow in a similar way. 
5.1. HPKT potential in dimension 4. Now we give a hyperboli version of the
existene of the HKT potentials of Banos and Swann [4℄. We apply Theorem 5.2
to the 4-dimensional ase to prove the existene of a loal HPKT potential for any
HPKT metri.
Corollary 5.5. Let g be an HPKT metri on a 4-dimensional hyper-paraomplex
manifold and let θ be 1-form dened by the omplex produt onnetion via ∇CP g =
θ ⊗ g.
A funtion µ is an HPKT potential for g if and only if it is solution of the hyperboli
equation
△µ− dµ(θ♯) + 2 = 0,
where △ is the hyperboli Laplaian of the neutral metri g.
In partiular, any HPKT metri on a 4-dimensional hyper-paraomplex manifold
admits loally a potential.
Proof. Let A = ∇CP − ∇g, where ∇g denote the Levi-Civita onnetion of g. The
tensor A is symmetri, A(X,Y ) = A(Y,X) sine both onnetions are torsion-free.
We also have
θ(X)g(Y,Z) = −g(A(X,Y ), Z)− g(A(X,Z), Y ).
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Solving for A, we obtain
g(A(X,Y ), Z) =
1
2
(θ(Z)g(X,Y )− θ(X)(g(Y,Z) − θ(Y )g(Y,Z)) .
In partiular, if X is a (loal) unit vetor eld, then
g(A(X,X), Y ) =
1
2
θ(Y )− θ(X)g(X,Y )
and
g(A(X,X) −A(J1X,J1X)−A(J2X,J2X) +A(J3X,J3X), Y ) = θ(Y )
for all Y .
The metri g is the unique hyper-parahermitian metri satisfying g(X,X) = 1.
Therefore µ is a HPKT potential if and only if
1
2
(1− J1 − J2 + J3) (∇
CP )2(X,X) = 1,
that is
Traceg(∇
CPdµ) = 2.
Note that the hyperboli Laplaian △µ is by denition −Traceg(∇
gdµ). Thus µ is
a HPKT potential for g if and only if
−△µ+ dµ(A(X,X) −A(J1X,J1X)−A(J2X,J2X) +A(J3X,J3X)) = 2.
The loal existene of HPKT potentials now follows from the general theory for the
(ultra) hyperboli Laplae operator (see e.g. [17℄ and the referenes therein). 
5.2. HPKT-potential in dimension 4n ≥ 8. Here we demonstrate the existene
of a loal potential for any HPKT-metri (the HKT ase was done by Banos and
Swann [4℄).
The ruial step is the onstrution on any almost hyperparaomplex manifold
of an GL(n, H˜)-invariant rst order dierential operator D, whih is the hyperboli
version of the hyperomplex (quaternioni) operator of Salamon (see [30℄). The
operator D is two-step nilpotent if and only if the struture is hyperparaomplex.
Then we obtain the existene of a loal HPKT-potential in terms of the operator D.
The element
† = −J1 ⊗ J1 − J2 ⊗ J2 + J3 ⊗ J3
is independent of the hoie of the basis {J1, J2, J3} and ats naturally on Λ
2
with
†2 = 2†+ 3. The eigenspae deomposition
(5.29) Λ2 = {† = 3} ⊕ {† = −1}
is a paraquaternioni invariant in the sense that it is preserved by GL(n, H˜)Sp(1,R)
and therefore it is a hyper-paraomplex invariant preserving by GL(n, H˜).
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5.3. The hyper-paraomplex dierential. Studying the ation of GL(n, H˜) on
the bundle Λk we onsider the subbundle
Ak =
∑
I∈S2
1
(−1)
(
Λk,0I ⊕ Λ
0,k
I
)
.
It is not diult to see that
Ak =
∑
P∈S2
1
(1)
(
Λk,0P ⊕ Λ
0,k
P
)
.
Indeed, any 2-form ω ∈ Λ2 deomposes aording to (5.29)
ω(X,Y ) =
1
4
{3ω(X,Y ) + ω(J1X,J1Y ) + ω(J2X,J2Y )− ω(J3X,J3Y )}(5.30)
+
1
4
{ω(X,Y )− ω(J1X,J1Y )− ω(J2X,J2Y ) + ω(J3X,J3Y )}
For example
A2 = Λ2,0J3 ⊕ Λ
0,2
J3
⊕A1,1J3 = Λ
2,0
J2
⊕ Λ0,2J2 ⊕A
1,1
J2
,
where
A1,1J3 = {ω ∈ Λ
2 : J3ω = ω and J2ω = ω},
A1,1J2 = {ω ∈ Λ
2 : J2ω = −ω and J3ω = −ω}.
If g is an hyper-parahermitian metri then the Kähler form F3, (resp. F2) is a smooth
setion of A1,1J3 , (resp. A
1,1
J2
) and onversely any smooth setion F3 of A
1,1
J3
, (resp. F2
of A1,1J2 ) denes an (possibly degenerate) hyper-parahermitian metri g = −F3(., J3.),
(resp. g = F2(., .J2). We will all suh a form a hyper-paraomplex (1,1)-form.
There is a projetion η : Λk → Ak whose kernel is the subbundle
Bk =
⋂
I∈S2
1
(−1)
(
Λk−1,1I ⊕ Λ
k−2,2
I ⊕ · · · ⊕ Λ
1,k−1
I
)
=
=
⋂
P∈S2
1
(1)
(
Λk−1,1P ⊕ Λ
k−2,2
P ⊕ · · · ⊕ Λ
1,k−1
P
)
.
In partiular, the two eigenspaes of the operator † are related with A2, B2 as follows
A2 = {† = −1}, B2 = {† = 3}.
The projetions ωA
2
and ωB
2
are given by
ωA
2
(X,Y ) =
1
4
{3ω(X,Y ) + ω(J1X,J1Y ) + ω(J2X,J2Y )− ω(J3X,J3Y )} ,
ωB
2
(X,Y ) =
1
4
{ω(X,Y )− ω(J1X,J1Y )− ω(J2X,J2Y ) + ω(J3X,J3Y )} .
We dene the hyper-paraomplex dierential
D : Ak → Ak+1
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simply by omposition of the projetion η end the exterior dierential d:
D = η ◦ d.
For example, if ω is a 1-form then
Dω = (dω)2,0J3 + (dω)
0,2
J3
+
1
2
(
(dω)1,1J3 + J2(dω)
1,1
J3
)
=(5.31)
= (dω)2,0J2 + (dω)
0,2
J2
+
1
2
(
(dω)1,1J2 − J3(dω)
1,1
J2
)
Theorem 5.6. An almost hyper-paraomplex struture is integrable if and only if
D2 = 0.
Proof. The ondition D2 = 0 is equivalent to the assertion that the exterior derivative
of a 2-form of type (1,1) relative to all I ∈ S21(−1) and all P ∈ S
2
1(1) has no
(0,3)+(3,0)-omponent relative to any I ∈ S21(−1) and to any P ∈ S
2
1(1). The latter
ondition holds on a hyper-paraomplex manifold sine all almost omplex strutures
of the two-sheeted hyperboloid S21(−1) as well as all paraomplex strutures of the
one-sheeted hyperboloid S21(1) are integrable due to the existene of a linear identity
between their Nijenhuis tensors [21, 7℄.
To prove the onverse, let Ω be (1,1)-form with respet to the almost omplex
struture J3,Ω ∈ Λ
1,1
J3
. The 2-form C dened by C(X,Y ) = Ω(X,Y )−Ω(J1X,J1Y )
belongs to B2. The ondition DC = 0 is equivalent to the relation
dC(X,Y,Z) = dC(IX, IY, Z) + dC(IX, Y, IZ) + dC(X, IY, IZ)
for all I ∈ S21(−1) and
−dC(X,Y,Z) = dC(PX,PY,Z) + dC(PX, Y, PZ) + dC(X,PY, PZ)
for all P ∈ S21(1). In partiular
−dC(J3X,J3Y, J3Z) =(5.32)
dC(J1X,J1Y, J3Z) + dC(J1X,J3Y, J1Z) + dC(J3X,J1Y, J1Z).
Let ∇CP be a omplex produt onnetion, ∇CPJa = 0, with torsion T
CP
. Then
the Nijenhuis tensors are related with TCP as follows
(5.33) Na = −T
CP (Ja., Ja.)− J
2
aT
CP (., .) + JaT
CP (Ja., .) + JaT
CP (., Ja.).
Use (5.33) to express the exterior derivative of a 2-form as
dC(X,Y,Z) = ∇CPC(X;Y,Z) +∇CPC(Y ;Z,X) +∇CPC(Z;X,Y )(5.34)
+C(TCP (X,Y ), Z) + C(TCP (Y,Z),X) + C(TCP (Z,X), Y ).
Insert (5.34) into (5.32) and use (5.33) to get
Ω(J3N2(J3X,J3Y ), Z) + Ω(J3N2(J3Y, J3Z),X) + Ω(J3N2(J3Z, J3X), Y )+(5.35)
Ω(J1N2(J3X,J3Y ), J2Z) + Ω(J1N2(J3Y, J3Z), J2X) + Ω(J1N2(J3Z, J3X), J2Y ) = 0
valid for any (1,1)-form with respet to J3. In partiular, take Ω = Z ∧ J3Z, we get
from (5.35) that N2 = 0.
Similarly, we obtain N1 = 0. Hene, the almost hyper-paraompex struture is
integrable [21℄. 
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Further we need two lemmas
Lemma 5.7. Let F ∈ A1,1J3 be a non-degenerate hyperparaomplex (1,1)-form on
a hyper-paraomplex manifold (M,J1, J2, J3). The metri g = −F (., J3.) is HPKT
metri if and only if F is D-losed, DF = 0.
Suh a form is alled a HPKT-form
Proof. Suppose that g is HPKT. For any omplex struture I ∈ S21(−1) (paraomplex
strurure P ∈ S21(1)) the form dFI (dFP ) has type (2, 1) + (1, 2) with respet to the
omplex struture I (paraomplex struture P ). But sine d1F1 = d2F2 = d3F3 we
dedue that dFI (dFP ) has type (2, 1) + (1, 2) with respet to the two paraomplex
strutures and the omplex struture: dFI ∈ B
3
(dFP ∈ B
3
) that is DFI = 0
(DFP = 0). Sine FI = F (FP = F ) we obtain the result.
Suppose now that DF = 0. The ondition F ∈ A
(1,1)
J3
also reads as
(5.36) F (X,Y ) = F (J3X,J3Y ) = F (J1X,J1Y ), F (J3X,J1Y ) = F (J1X,J3Y ).
Use the torsion free omplex produt onnetion, (5.34), (5.36) and (5.32), to get
−dF (J3X,J3Y, J3Z) = ∇
CPF (J3X;Y,Z) +∇
CPF (J3Y ;Z,X) +∇
CPF (J3Z;X,Y )
+2∇CPF (J1X;J1Y, J3Z) + 2∇
CPF (J1Y ;J1Z, J3X) + 2∇
CPF (J1Z;J1X,J3Y ).
Consequently
−dF (J3X,J3Y, J3Z) =
∇CPF (J1X;J1Y, J3Z) +∇
CPF (J1Y ;J1Z, J3X) +∇
CPF (J1Z;J1X,J3Y ).
Dene G = F (·, J2·), we have the following sequene of equalities
−dG(J1X,J1Y, J1Z) =
−∇CPG(J1X;J1Y, J1Z)−∇
CPG(J1Y ;J1Z, J1X)−∇
CPG(J1Z;J1X,J1Y ) =
= ∇CPF (J1X;J1Y, J3Z) +∇
CPF (J1Y ;J1Z, J3X) +∇
CPF (J1Z;J1X,J3Y ) =
= −dF (J3X,J3Y, J3Z)
and therefore dF (J3X,J3Y, J3Z) = dG(J1X,J1Y, J1Z). In other words,d3F3 = d1F1
with F3 = F and F1 = G. 
Lemma 5.8. A PHKT metri loally admits a potential if and only if the orre-
sponding HPKT-form is loally D-exat.
Proof. Suppose that F = −12(dd3 + d1d2)µ. Then F =
1
2 (dθ + J1dθ) with θ =
−J3dµ = −d3µ. Note that dθ is (1, 1)-form (for J3) sine dθ = −dd3µ. Therefore
F = Dθ aording to (5.31).
Conversely, suppose that F = Dθ for some 1-form θ. Sine F is a (1, 1)-form for
J3, we obtain from (5.31)
dθ ∈ Λ
(1,1)
J3
, F =
1
2
(dθ + J1dθ).
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Sine J3 is an integrable omplex struture, the loal dd3-lemma holds: loally there
exists µ suh that dθ = −dd3µ. We get then
F =
1
2
(dθ + J1dθ) = −
1
2
(dd3 + d1d2)µ.

Theorem 5.9. On an (4n ≥ 8)-dimensional manifold any HPKT metri admits
loally an HPKT potential or equivalently any D-losed HPKT-form is loally D-
exat.
Proof. Any (4n ≥ 8)-dimensional HPKT-manifold is a manifold with a struture
group ontained in Sp(n,R) ⊂ GL(n, H˜) and it is 1-integrable due to the existene
of a torsion-free GL(n, H˜)-onnetion, the omplex produt onnetion [2, 3℄. There-
fore, sine the operator D is GL(n, H˜)-invariant, it is suient to show that any
D-losed HPKT-form is loally D-exat in R4n with the standard HPKT struture.
In R4n we split the omplex oordinates into two sets ({zj , wj}, j = 1, . . . , n).The
hyperparaomplex struture is given by
J1 = −dz
j ⊗
∂
∂zj
− dwj ⊗
∂
∂wj
+ dz¯j ⊗
∂
∂z¯j
+ dw¯j ⊗
∂
∂w¯j
,
J2 = idw¯
j ⊗
∂
∂zj
− idz¯j ⊗
∂
∂wj
+ idwj ⊗
∂
∂z¯j
− idzj ⊗
∂
∂w¯j
,
J3 = idw¯
j ⊗
∂
∂zj
− idz¯j ⊗
∂
∂wj
− idwj ⊗
∂
∂z¯j
+ idzj ⊗
∂
∂w¯j
.
Let F3 ∈ Λ
1,1
J3
,DF3 = 0. The hyper-parahermitian ondition for the 2-tensor h =
F3(., J3) implies that
(5.37) hzj z¯k = hwkw¯j ; hzjw¯k = −hzkw¯j .
The ondition d1F1 = d3F3 beomes
hzjw¯k,w¯l + hzkw¯l,w¯j + hzlw¯j ,w¯k = 0, hwj z¯k,wl + hwkz¯l,wj + hwlz¯j ,wk = 0(5.38)
hwj z¯k,z¯l + hwk z¯l,z¯j + hwlz¯j ,z¯k = 0, hzjw¯k,zl + hzkw¯l,zj + hzlw¯j,zk = 0,
hzj z¯l,w¯k − hzk z¯l,w¯j − hzjw¯k,z¯l = 0, hzj z¯k,wl − hzj z¯l,wk + hwk z¯l,zj = 0,
hzj z¯k,z¯l − hzj z¯l,z¯k − hwk z¯l,w¯j = 0, hzj z¯l,zk − hzk z¯l,zj + hzjw¯k,wl = 0.
The rst and seond lines of (5.38), when ombined with the antisymmetry in j, k
of hzjw¯k , allow us to apply the loal ∂∂¯-lemma. Therefore, we an write
(5.39) hzjw¯k = (∂zj∂w¯k − ∂zk∂w¯j)µ; hwj z¯k = (∂wj∂z¯k − ∂wk∂z¯j )µ,
where µ is some (real) (by para-hermitiity of the metri-and therefore idential in
the two equations (5.39)) funtion. Inserting (5.39) into the third equation of (5.38)
gives
(5.40) ∂w¯k(hzj z¯l − µ,zj z¯l )− ∂w¯j(hzk z¯l − µ,zk z¯l ) = 0,
and therefore,
(5.41) hzj z¯k = µ,zj z¯k +∂w¯jαz¯k
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for some integration one form αz¯k . Combining this with the fourth equation of (5.38)
gives αz¯k = µ,wk . Thus we get that the funtion µ generates F3. The Lemma 5.8
ompletes the proof. 
Remark 5.10. A hyperboli version of Salamon's quaternioni operator [30℄.
We reall that an almost paraquaternioni struture onM is a rank-3 subbundle P ⊂
End(TM) whih is loally spanned by an almost hyper-paraomplex struture H˜ =
(Ja). Equivalently, the struture group of TM an be redued to GL(n, H˜)Sp(1,R).
A linear onnetion on TM is alled paraquaternioni onnetion if it preserves P .
An almost paraquaternioni struture is said to be a paraquaternioni if there is a
torsion-free paraquaternioni onnetion. The paraquaternioni ondition ontrols
the Nijenhuis tensors in the sense that N(X,Y )(Ja) := Na(X,Y) preserves the sub-
bundle P . When n ≥ 2, the paraquaternioni ondition is a strong ondition whih
is equivalent to the 1-integrability of the assoiated GL(n, H˜)Sp(1,R)- struture
[2, 3℄. We an extend the hyper-paraomplex operator D dening it on an almost
paraquaternioni manifold loally in the same way. Consequently, Theorem 5.6 is
also true, namely an almost paraquaternioni manifold is paraquaternioni exatly
when D2 = 0. The proof of Theorem 5.6 goes through in this ase also. Now the
Sp(1,R)-part of the paraquaternioni onnetion used, adds an additional Sp(1,R)
term in formula (5.33) whih reets on (5.35), whene the Nijenhuis tensors preserve
the subbundle P . Using the 1-integrability of the paraquaternioni struture and the
proof of Theorem 5.9 one gets the loal exatness of ertain D-losed forms.
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